Abstract. The present paper deals with a class of non-linear ordinary second-order differential equations with exact solutions. A procedure for finding the general exact solution based on a known particular one is derived. For illustration solutions of some non-linear equations occured in many problems of solid mechanics are considered.
INTRODUCTION
Generally for seeking an exact solution of a non-linear differential equation it is necessary to find an appropriate transformation deriving the non-linear equation to a linear one, but finding of such transformation is very complicated.
In fact many problems of solid mechanics reduce to different types of non-linear differential equations, solutions of which can demonstrate specific effects, however through only exact solutions these effects can be observed profoundly. Hence finding exact solutions becomes very important in researching non-linear mechanical problems.
The present paper introduces an idea and a procedure to find general exact solutions of a class of non-linear ordinary second-order differential equations based on known particular solutions. If a particular exact solution is known, then a general exact solution can be found, but for a received approximate particular one, a general solution may be obtained approximately with desired accuracy by the varying coefficient iteration method.
IDEA AND PROCEDURE FOR FINDING EXACT SOLUTION
Consider a non-linear second-order differential equation 
Using notationu
equation (1) can be rewritten as follows:
or in the other form d dt
Eq.
(1) has a particular solution whenu
or
The particular solution can be obtained from (7) as:
In order to represent funtion u through funtion v based on Eq. (5) it can be obtained
where
Subtracting side by side of Eqs.(2) and (3) and taking (11) into account yields
Eq. (13) can lead to a linear differential equation with respect to unknown 1 
Following the idea of varying coefficient iteration method [2] , at the first iteration this coefficient can be evaluated by particular solutions (8), (9) and (10).
Denote the particular solution of Eq.(1) by x 1 , then Eq. (3) and Eq. (7) give:
Subtracting side by side of two these equations yields:
from that
Consequently at first iteration Eq. (14) has a general solution as follows
where C is an integral constant and
In order to verify the general solution (19), (20) 
In other side Eq.(14) reduces to
and from (20) it follows: µ µ =ẋ
Substitution of (22) into (21) reduces to Eq. (17)
Summing up side by side of this equation and equation (15) 14) at first iteration. For obtaining a general approximate solution with desired accuracy it need to fulfill successive iteration by the varying coefficient method. In the present paper we consider only the case when x 1 is a particular exact solution.
Consequently, the idea of the proposed method is to derive a non-linear differential equation to a linear differential equation with varying coefficient. This varying coefficient is determined by a particular solution of the original equation. If the particular solution is exact, the general exact solution can be obtained, if the particular solution is approximate then the approximated general solution can be evaluated with desired accuracy.
Procedure can be established by following steps:
Step 1: Seeking a particular solution of linear equation (16).
Step 2: Calculate v according to (18).
Step 3: Calculate µ according to (20).
Step 4: Seeking a general solution according to (19). The solution of Eq. (14), i.e. the expressions (19), (20) consists of four integral constants and particular solution, which are chosen appropriately for each concrete problem. (1) 3.1. Case 1:
PARTICULAR CASES OF EQ.
Eq. (1) is of the form:
From Eq. (16) the particular solution is found directly
the integral constant is taken ϕ = 0. According to Eq.(18) function v is calculated as v = e 2b 3 t and substituting the obtained value v into (20) yields
where C 1 , C 2 are integral constants. The expression µ can be rewritten in other form
By use of Eq. (19), the general solution of Eq. (23) is found
where B, γ are integral constants.
If the coefficient of the Eq. (23) are denoted by
then with ν 2 − a 1 ω 2 < 0, the solution has form
The general solution (25) for Eq. (23) was found in [3] by other method.
Case 2:
Eq. (1) in this case has the form:
According to Eqs. (8), (10) two particular solutions are obtained
Based on Eqs.(14), (19) and (20) the general solution of Eq.(26) has the form:
In the formulas (29) figure four integral constants C, C 1 , C 2 , ϕ and the particular solution x 1 , which need to be chosen appropriately. Such choice can be established as follows
Carrying out some simple calculations in Eq.(27) yields
e 2ϕ is an integral constant.
The function v is determined by use of Eq. (18) and (28)
and the second term in Eq.(30) leads to
is an integral constant.
Since C 1 , C 2 are integral constants, by choosing CC 1 = 1, and substituting expressions (31), (32) into Eq. (30) we can write the general solution of Eq.(26) as follows
or in other form:
where D, γ -integral constants.
By use of notation
general solution of which
This solution was found in [4] by other method.
Case 3:
In this case Eq.(1) has the form:
According to (10) the constant particular solution to Eq. (37) is defined
where:
. Based on (18) function v is calculated as:
Function µ can be determined by (20) and (39):
According to Eq.(19) and using (40) the general solution to Eq.(37) can be obtained:
Differentiating both sides of Eq. (41) with respect to t yieldṡ
Suppose initial conditions
are satisfied, then
Now by use of mentioned above calculations we can seek general solutions of some non-linear equations, which usually have place in mechanical problems such as
Eq. (45) coincides entirely with Eq. (37) when putting
The system of equations (46) 
Using calculations in Section 3.3 results
and the general solution is defined
where C 0 , ϕ -integral constants. Solution (48) was found in [5] by other method.
Numerical case
a. Seeking solution by numerical method 
2 − 8b (a 2 + b 2 ) = 0.09, As can be observed, a very good agreement is obtained in this comparison study.
CONCLUSION
-Equation of the form (1) is non-linear differential one, general exact solutions of which can be found. They include many particular cases, where exact solutions were defined by other methods.
-To obtain exact solutions of non-linear differential equations of the form (1) one needs to know important informations about particular solutions (8), (9), (10) and expressions (11), (12).
-Proposed method for finding general exact solution of non-linear differential equations of the form (1) is based upon a known particular solution and expressions (11), (12) in use of idea of the varying coefficient iteration method.
-Verification of the proposed method is proven by obtaining exact solutions in many particular cases. These solutions coincide with exact solutions obtained by other analytical methods and are in good agreement with results using numerical methods.
